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Abstract. In this paper, we present a new generalization of the Lucas num- 
bers by matrix representation using Genaralized Lucas Polynomials. We give 
some properties of this new generalization and some relations between the gen- 
eralized order-A: Lucas numbers and generalized order-A: Fibonacci numbers. 
In addition, we obtain Binet formula and combinatorial representation for gen- 
eralized order-A; Lucas numbers by using properties of generalized Fibonacci 
numbers. 



1. Introduction 

There are various types of generalization of Fibonacci and Lucas numbers. For 
example Er[l] denned the generalized order-A; Fibonacci numbers(GOAF), Kihg[6] 
defined the generalized order-A; Pell numbers (GO /cP) and Ta§gi[3] defined the gener- 
alized order-A; Lucas numbers (GOAT). MacHenry[7] defined Generalized Fibonacci 
and Lucas Polynomials and MacHenry[8] defined matrices and depending 
on these polynomials. is reduced to GOAF when t.- L — 1 and is reduced 

to GOAT when t\ = 2 and f,- = 1 (for 2 < i < k). This analogy shows the im- 
portance of the matrix A^ and Generalized Fibonacci and Lucas polynomials in 
generalizations. However, Lucas generalization of Ta§gi[3] is not compatible with 
the matrix A^ and Generalization Fibonacci and Lucas polynomials, we studied 
on generalized order-A; Lucas numbers lk, n (GOAL) and k sequences of the general- 
ized order-A; Lucas numbers l\ n (kSOkL) with the help of Lucas Polynomials Gk, n 
and the matrix Dy\. In this paper, after presenting a matrix representation of 

l\ n: we derived a relations between generalized order-A; Fibonacci numbers(GOAF) 
and GOAL, as well as relation between A;SOAT and k sequences of the generalized 
order-A; Fibonacci numbers f k l n (kSOkF). Since many properties of Fibonacci num- 
bers and it's generalizations are known, these relations are very important. Using 
these relations, properties of Lucas numbers and properties of it's generalizations 
can be obtained. In addition to obtaining these relations, we give a generalized Bi- 
net formula and combinatorial representation for A;SOAL with the help of properties 
of generalized Fibonacci numbers. 
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1.1. Fibonacci and Lucas Numbers and Properties of Fibonacci Gener- 
alization. 

The well-known Fibonacci sequence {/„} is denned recursively by the equation, 

fn = fn-1 + fn-2, for n > 3 

where /i = 1, = 1 and Lucas sequence {/„} is defined recursively by the equation, 

In = L-l + L-2, for n > 2 

where Z = 2, l\ = 1. 

Miles [10] defined generalized order-fc Fibonacci numbers(GOfcF) as, 

(1-1) fk, n 



fk.n-j 

for n > k > 2, with boundary conditions: f/-,i = fk,2 = fk,3 

fk,k-l = fk.k = 1- 

Er [1] defined fcSOfcF as; for n > 0, 1 < i < k 

k 

(I- 2 ) K.ri = X] C ^k\n-j 

with boundary conditions for 1 — k < n < 0, 

r = r i 



fc.fc-2 



o. 



if i = l — n, 
otherwise, 



where cj (1 < j < k) are constant coefficients, f k l n is the n-th term of i-th. sequence 
of order k generalization, fc-th column of this generalization involves the Miles 
generalization for i = k, i.e. /£ n = J k ,k+n-2- 

Er [1] showed 
where 



A = 





F n+1 - AF n 






Cl 


C2 


c 3 


Cfe-l 


Cfc 


1 





••• 











1 


••• 














••• 


1 






is k x k companion matrix and 

f 1 

•I k.n 



(1.3) 



fk,n-l 
/fc,ri-fe+l 



f 2 

f2 



j-fe 
fk 

Jk,n-1 



fk,n-k+l 



P 

J k,n-k+l 

is fc x fc matrix. 

Karaduman [5] showed F~ = A and F~ = A n for = 1, (1 < j < k) . 
Kalman [2] derived the Binet formula by using Vandermonde matrix, for Ai 
(1 < i < k) are roots of the polynomial 

(1.4) P(x; t u t 2 , ■ • • , t k ) = x k - t lX k - x t k 
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{ti,...tk are constants) 
(1.5) 



fk _ \p J/ 

Jk,n / j pi 



i -P'(Ai) 



where /* n is (for Cj = 1, I < j < k and i — k) fc-th sequences of fcSO/cF and f(a;) 
is derivative of the polynomial (1.4). 

Kilig [5] studied F~ and n and gave some formulas and properties concerning 
ZcSOfcF. One of these is Binet formula for /cSOfcF. For roots of (1.4) named as Aj 
(1 < i < k), 



(1.6) 



V = 



x fe-i x fe-i 

Aj A 2 

\k-2 \fe-2 

Aj A 2 



Ai 
1 



A 2 
1 



. fe-i 

v fc-2 



A/c 
1 



and d\ = 



where V is a fc x fc Vandermonde matrix and V^*' is a k x fc matrix obtained from 
V by replacing j-th column of V by d k , Binet formula of f£ n is; 



Ai' 



fe— i-\-n 



\ k — i-\-n 
A 2 



i k— i-\-n 



x k 



det(F fc (1) ) 
det(V) 



(1.7) 



fk,n = tlk 



1.2. Generalized Fibonacci and Lucas Polynomials. MacHcnry [7] defined 
generalized Fibonacci polynomials (Fk tTl (t)), Lucas polynomials (Gk, n (t)) and ob- 
tained important relations between generalized Fibonacci and Lucas polynomials, 
where t, (1 < i < k) are constant coefficients of the core polynomial (1.4). Fk, n (t) 
defined inductively by 

F k ,„{t) = 0, n < 
F k ,o(t) = 1 
F k ,i(t) = h 

Fk,n+l(t) = t\Fk t n(t) + • • ' + tkFk, n -k+l(t) 

, tfc), fc 6 N, n is an integer and Gk, n (ti,t2, ■ ■ ■ , tfc) defined by 

G fc ,„(t) - 0, n < 
G M (t) = fc 
G k ,i(t) = t\ 

Gk,n+l{t) = t\Gk,n{t) + ' ' ' + tkGk, n -k+l(t)- 

In addition, in [9] authors obtained Fk, n (t) and G k , n {t) (n, k 6 N, n > 1) as 



where t — (ti, <2 
(1.8) 



(1.9) 
and 



^) = E(J" 

ahn ' 
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(1.10) 



ahn ' 



.ax ,a k 
Z l ■ ■ - Z k 



where ai are nonnegative integers for alH (1 < i < k), with initial conditions given 

by 

F kt0 (t) = 1, F fc ,_i(t) = 0, . . . , F fc ,_ fc+1 (t) = 

and 

G fc ,o(t) = fc, Gfc,-i(i) =0, • • • , G fe; _ fe+ i(t) = 0. 

fc 

In this paper, the notations a h n and |a| are used instead of ja, = n and 

j=i 

fc 

aj, respectively. A combinatorial representation for Fibonacci polynomials is 

i=i 

given in [9] as 



(1.11) 



3=0 



for n £ Z, where [^-] = fc, cither n = 2k or n = 2k — 1. 

In [8], matrices and are defined by using the following matrix, 



A (k) = 





tk tk-1 tk-2 







1 

ti 



They also record the orbit of the fc-th row vector of under the action of 
below A(k), and the orbit of the first row of A^) under the action of AtX on 
the first row of Aha is recorded above A^, and consider the oo x k matrix whose 
row vectors are the elements of the doubly infinite orbit of A(u\ acting on any one 
of them. For k = 3, A^ looks like this 



4°° - 



Si- 


-nS 2 ) 


~S(-n,l) 


S(-n) 


Si 


-3,1 2 ) 


S(-3,l) 


S(-3) 




1 













1 













1 




*3 


tl 


tl 


S( n 


-1,1 2 ) 


— "(n-i,i) 


S(n-~l) 


Si 


n,l 2 ) 


— S(n,l) 


S( n ) 



and 
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ATI 

A (k) 



where 
(1.12) 



( — 1) ^n-fc+l.l*- 1 ) 
'(rt,l fe - 1 ) 



(-l) k 3 S( n _ k+1 ^k-jj 

(-1) ~ j S(n,l>°-i) 



S(n-k+l) 



S( n -r,lr) = (-If tjSfr-j), <r <n. 



j=r+l 



Derivative of the core polynomial P(x; t\, ■ ■ ■ , tfc) = x — t\x — ■ ■ ■ — tk 
is P{x) = kx k ~ 1 —ti(k — l)x k ~ 2 — ■ ■ ■ — tk-i, which is represented by the vector 
(— tk-i, ■ ■ ■ , —ti(k— 1), k) and the orbit of this vector under the action of gives 
the standard matrix representation Dfy . 

Right hand column of Afy contains sequence of the generalized Fibonacci poly- 
nomials Fk, n {t) and tr(A? k -.) = Gk, n (t) for n E Z, where Gk, n (t) is the sequence 
of the generalized Lucas polynomials, which is also a t-linear recursion. In addi- 
tion, the right hand column of contains sequence of the generalized Lucas 
polynomials Gk, n (t)- 

It is clear that, for t, = 1 and Cj = 1 (1 < i < k) Sr n ) = fl n where f£ n , is the 
n-th term of the first sequence of fcSOfcF. Moreover, the matrix A^ involves the 
generalization (1.2). 

Example 1.1. We give matrix Afy for k=3 and the matrix for k — 4 7 while 



h=t 2 



t k = 1 



4°° -- 



1 

1 

1 

1 1 1 



and D(%) 



(fe) 



7 10-1 
-16 0-1 

-1 -2 5 -1 

-1 -2 -3 4 



2. Generalizations of Lucas Numbers 



For t s = 1, 1 < s < k, the Lucas polynomials Gk, n (t) and together are 
reduced to 

k 

(2.1) lk,n — ^ ^ lk,n—j 

with boundary conditions 

h,i-k — h,2-k = ■ ■ ■ = h,-i = -1 and l k fi = k, 

which is called generalized order-fc Lucas numbers(GOfcL). When k=2, it is reduced 
to ordinary Lucas numbers. 

In this paper, we study on positive direction of for t s = 1, 1 < s < k, which 
can be written explicitly as 
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k 

(2-2) l kt n — 51 ^k,n-j 

for n > and 1 < i < k, with boundary conditions 



k,n 



—i if i — n < fc, 

— 2n + i if i — n = k, 
k — i — 1 if z — n > k 



for 1 — fc < n < 0, where IJ, n is the n-th term of i-th sequence. This generalization 
is called k sequences of the generalized order-fc Lucas numbers(fcSOfcL). 

Although names are the same, the initial conditions of this generalization are 
different from the generalizations in [3]. These initial conditions arise from Lucas 
Polynomials and D^. 

When i = k = 2, we obtain ordinary Lucas numbers and l\ n = lk, n - 

Example 2.1. Substituting k = 3 and i = 2 we obtain the generalized order-3 
Lucas sequence as; 



I 2 

l 3,-2 



D I 2 — 4 I 2 — —2 I 2 — 2 
u > '3,-1 " % '3,0 — z j '3,1 — z ' 



l 3,2 



4, I 2 



3,3 



Lemma 2.2. Matrix multiplication and (2.2) can be used to obtain 



where 



(2.3) 



Ai 



1 1 1 
1 
1 



1 1 






= ml: 



ooo 



1 o 



i i 



fcxfc 



fcxfc 



;i 

l k,n 
/I 

l fc,n-l 



I 2 

l k,n 
I 2 

L k,n-1 



where L is (k — 1) X (k — 1) identity matrix and we define a k x k matrix L~ as; 
(2-4) L~ : 

which is contained by k x k block of for U = 1, 1 < i < k. 



71 72 

'fc,n-fc+l 'fc,n-fc+l 



jk 
jk 

'fc,n-l 



jk 

'fc,n-fc+l 



Lemma 2.3. Let Ai and L~ &e as in (2.3) and (2.4), respectively. 
Lq , where 



Then 



^n+1 — ^1 



r~ — 



-1 


-2 


-3 




-(fc-1) 


k 


-1 


-2 


-3 


• -(*-2) 


fc + 1 


-1 








fc + 2 





-1 


-1 


-2 


2fc-3 .. 


1 





-1 


-1 


2fc-2 


fc-4 .. 








2fc - 1 


fc-3 


fc-4 .. 


1 





-1 



fcxfc 
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Proof. It is clear that L~ = A\L$ and = A\L~. So by induction and prop- 

erties of matrix multiplication, we have L~ +1 = A u+1 Lq. □ 



Lemma 2.4. Let F^ and L^ be as in (1.3) and (2.4), respectively. Then 



Proof. Proof is trivial from F~ = A"(see [4]) and Lemma 2.3. 



□ 



Example 2.5. From Lemma 2.4 for k = 2, we have 



'2,77 



I 2 

l 2,n 



71 /2 

'2,71,-1 '2,71-1 



f"2,n /I, j 



-1 2 

3 -1 



J 2,n-l fl,n-l 

Therefore, I 2 n = 2f\ n - /f„. Since f\ n = f 2 n+1 for all n G Z, then we have 

^2,n — 2/2,n+l — /2,n 

w/iere l\ n and /f „ are ordinary Lucas and Fibonacci numbers, respectively. 
For k = 3, we feaue 



^3,77. 
71 

'3,77.-1 
/I 

'3,77-2 



I 2 

'3,77 

'3,71-1 
I 2 

'3,77-2 



'3,77 
'3,77-1 
'3,77-2 



fl fl 

.73,77 -73,77 .73,77 

/3,77-l 73,77-1 73,77-1 

/3.T7-2 /3, 77-2 73,71-2 



-1 -2 
-1 4 

5 



2 

3,77 



/ 3 3 . .Since /or fc=5, 



- f3 



Therefore, /| „ = 3/g 1 ^ - / 

/ 3 2 77 = / 3 1 ,77-1 + /3 3 77-l = /3 3 ,77 + /|,n-l Z° r ™ ^ Z, We /We 



:(.» — /3.77+1 



'3,77 



3/1,77+1 2/| „ fs n-V 



Ck 



Theorem 2.6. For i = k, n > and c\ — 

( 2 -5) ^fe,n = ^/fe,77+l _ (^ _1 )/fc,n _ " 

w/iere ^ n and / fe l n kSOkL and kSOkF, respectively. 



fk,n~k+2 — kfk,n+l ^(fe i + 1 )/fe,77+2- 
J=2 



Proof. We use mathematical induction to prove the following equality 

^fe,77 = ^/fe,77 + l _ _ i + l)/fe,77 + 2-J- 

It is easy to obtain lfc = k,f£ <0 = and 1 = 1 for all fc G Z+ with fc > 2, from 
the definition of /cSOfcL and fcSO/cF. So, the equation (2.5) is true for n = 0, i.e., 

^fe,0 = ^/fe,l ~ ~ l)/fe,0 - • • • - ,fk,-k+2 = k.l + = k. 

Suppose that the equation holds for all positive integers less than or equal to n i.e., 
for integer n 

k 

lk,n = kfk,n+l ~ ^(fe — J + l)/fe,77+2-j 

then from (1.2) and (2.2), for ci = • • • = cjt = 1, we get; 
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jk _ ]k | jk i jk i ... i ]k 

l k,n+l — l k,n ' l k,n-l ' l k,n-2 ' ' l k,n-k+l 

= (k.fk,n+l ~ $ ~ l)/fc,rt — • • • — fk,n-k+2) + 
(kfk,n — (^ ~ l)/fe,n-l — • • ' — fk,n-k+l) + 
• • • + {^fk,n-k+2 ~ C 5 - l)./fc,n-fc+l — ' ' ' _ fk,n-2k+s) 

= kf% n+2 — {k — l)/fe : „ + i - • • • - fk lT i-k+3 
k 

— k.fk,n+2 ~ _ J + l)/fe,n+3-j- 

So, the equation holds for (n + 1) and proof is complete. □ 

Since = fk,n+k-2 and Z| n = lk, n the following relation is obvious 

k 

lk,n = kfk,n+k-l - - j + l)fk,n+k-j 

where fk, n is the n-th GOfcF as in (1.1), lk, n is GOfcL as in (2.1) and l\ n is the 
n-th term of fc-th sequences of the kSOkL as in (2.2). 

The following theorem shows that equation (2.5) is valid for Generalized Fi- 
bonacci and Lucas Polynomials as well. 

Theorem 2.7. For k > 2 and n>0, 

k 

G k , n (t) = kF k , n {t) - J2( k - 3 + l)tj-l.Ffc,n+l-j(t) 
j=2 

where Fk, n (t) and Gk. n (t) are the Generalized Fibonacci and Lucas Polynomials, 
respectively. 

Proof. Proof is by induction as Theorem 2.6. □ 
Theorem 2.8. For i = k and n > 0, 

k 

(2-6) i = I]i/U-j 

w/iere i| n and / fe 4 n are i/ie kSOkL and kSOkF respectively. 

Proof. Proof is by induction as Theorem 2.6. □ 

Lemma 2.9. For k > 2,i-th sequences of kSOkL in terms of k-th sequences of 
kSOkL is 

(2-7) li, n = \ t ll n . m ifl<i<k . 

m=l 

ifc,n J /* = fc 



Theorem 2.10. i-i/i sequences ofkSOkL can be written in terms of k-th sequences 
of kSOkF (which is GOkF with index iteration) in different ways; 
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z)For k > 3 and 1 < i < k 

k+i-l 

li,n = E djfk <r 
3 = 1 

where l<i<fc,n>0 and constant coefBcicnt 



d j = < 



r 3(3+1) 

3(3 + 1) _ 

2 2 



if 1 < j < i 
iti + l<j<k-l 
if k < j < k + i - 1 



w)For k > 2 and 1 < i < k 



l k,n 



= < 



if i = 1 



fc/ fc fe n-E(fc-.?+l)/ fe W, 
3=2 

i i k 

E fc/jfc,n-m+l - E E (fc - J + l)/fc,n-m-j+2 if 1 < * < fc 



m=l j=2 



E .7 + l)/fe,n+2- 

3=2 



if i = fc 



m)For fc > 2 and 1 < i < fc 



'fe,n 



E i/fe,7 



if i = 1 



3 = 1 



E Ei/U-w ifi<*<fc 

m— 1 j — 1 



E i/£ 71+1 -j 

I 3 = 1 



if i = fc 



Proof. i)Proof is from Theorem 2.8 and Lemma 2.9. 
ii)Proof is from Theorem 2.6 and Lemma 2.9. 
m)Proof is from Theorem 2.8 and Lemma 2.9. 



□ 



Example 2.11. Let us obtain l\ n for k = A, n = A and i = 3 by using Theorem 
(2.10 Hi). 

3 4 3 



4,4 



-m-j + l ^ E/ ^/4,3-m + 3/ 4 2 _ m + 4/ 4 jl _ 

m—1 j—1 m— 1 

j-4 o f 4 ,r f 4 , j-4 i nf4 ' r4 — 11 



= ./t 3 + 2/ 4 4 2 + 3./ti + 4/ 4 4 o + .A 4 ,2 + 2/ 4 4 ,! + / 4 4 ! = 
since /| = 0, /fj = fl 2 = 1 and /| 3 = 2. 

Theorem 2.12. Lei ^ n and n 6e the kSOkL and kSOkF, respectively. Then, 
for m,n e Z and 1 < i < k — 1, 

i j k j k+i — 1 k 

'n+m ~ ^('m-j ^ /n) + E; i^m-j E^ /n) + E^ i^m-j E^ /n) 
j=l s=l j=»+l s=j— i+1 3 = fe +l s=j— i+1 

w/iere we assume that, the sum is equal to zero, if the subscript is greater than the 
superscript in the sum. 
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Proof. We know that L~ = F~Lq (Lemma 2.4), so we can write that 

L n + m = F n+m L Q = A™ +m L Q = AiA™L = A 1 {L m = F n L m . 
From this matrix product and Lemma 2.9 we obtain 



fk,n^k,m + ' ' ' + fk,n^k,m-k+l 

/fc,n('fc,m-l + ' ' ' + lk,m-i) + ' ' ' + fk,nQk,m-k + ' ' ' + lk,m-k-i-l) 
lk,m-lfn + lk,m-2{fk,n + fk,n) + ' ' ' ^k,m-i(fk,n + fk,n + ' ' ' + fk,n) + 
'fc,m-i-l(/f,n + /fc,n + ' ' ' + fk^) + " ' + ^k,m-k (fk,n +1 + " " + fk,n) + 
l k,m — k—l (fk,n +■■■ + fk.n) + ■■■+ h,m-k- 



rk 
-lJk,i 



i j k j k+i—1 k 

= ~y^Mk,m-j fk.n) + ^k,m-j fk,n) ^k,m-j fk,n)' 

j=l t=l j=i+l t=j-i+l 3=k+l t =: j-i+l 

Example 2.13. Lei us obtain l\ n+m for k = 5, i = 3, n = 3 and m — 4 by using 
Theorem 2.12; 

3 3 5 J 7 5 

i=l t=l 3=4 t=j-2 j=6 t=j-2 

= ^5,3/5,3 + ^5, 2(^5,3 + fh,s) + ^5,l(/5,3 + /1, 3 + /l,3) + ^5,o(/l,3 + /l,3 + ^5,3) 
+^5,-l(/l,3 + /5,3 + /l,3) + '5,-2(./5,3 + /l,3) + '1,-3/1,3 

= 28 + 24 + 12 + 55 - 9 - 5 - 2 = 103. 

□ 

2.0.1. £me£ Formula. We have the following corollary by (1.5) and (Theorem 2.10 



Corollary 2.14. For 1 < i < k and m,n 6 Z + , 

EiE^ 



. . . . P '( A -) 
j=i i=i 

E E iE — 

m — 1 j — 1 i— 1 



f(Ai) 



EiE 



/or 2 = 1 
/or 1 < z < fc 

/or i = fc 



w/iere ^ n is the kSOkL. 



We have the following corollary by (1.7) and (Theorem 2.10 Hi). 
Corollary 2.15. Let l\ n be the kSOkL. Then, for 1 < i < k and m,n 6 Z+, 



l k,n 



= < 



i=i 

E E ./ ' 

m— 1 j — 1 



/or i = 1 



■ -J+l 



itL> f or l<i<k 



det(V) 



for i = k 
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where V^_ s is a new notation for (1.6) which depends on n, i.e., V^_ s is a k x k 
matrix obtained from V by replacing k-th column ofV by 

" \k — 1+n— s 



l k,n-s 



\ k—l+n—s 
A 9 



A 



k— 1+n— s 



2.1. Combinatorial Representation of the Generalized Order-fc Fibonacci 

and Lucas Numbers. In this subsection, we obtain some combinatorial repre- 
sentations of i-th sequences of /cSOfcF and fcSOfcL with the help of combinatorial 
representations of Generalized Fibonacci and Lucas Polynomials, 
i-th sequences of fcSOfcF can be stated in terms of fc-th sequences of fcSOfcF as 
follows. For a = 1 (1 < i < k), 

k-i+l 

r i \ rk 

J k,n / j Jk.n— ra+1' 

m— 1 

For ti = 1 (1 < i < k), F kl n-i(t) is reduced to sequence f kn . So for ti = 1 

k-i+l 

(1 < i < k), f k \ = F k,n-m(t) and using (1.9) we have 



m— 1 



k-i+l 

f k,n ~ y ' y ] 

m=l ah(n-m) 

It is obvious that, for t t = 1 (1 < i < k), F k ^ n (t) = f\ n and F k . n {t) = f kn+1 , 
respectively. Then, for all m,n 6 Z + , 



\a\ 

a\,...a k/ 

— fl anrl W, I ' +\ — fk 



( r( i"i ) 

+- 1 \a\ a k ) 

ar-n 

k-i+l 



(2.8) 



fk,n — < 



m=l ah(n-m) 
|o| 



V ( |a| ) 

' \ai afc/ 



if i = 1 

if 1 < i < fc 
if i = k 



k ah(ro— 1) 



Lemma 2.16. [5] Let &e £fte k-th sequences of kSOkF, then, 



m 



/fc,n — 1 r x i 

— to \mi,...,TOfe 

where to = (mi, TO2, . . . , m k ) nonnegative integers satisfying 

toi + 2to 2 + . . . + km k = n — 1 + k. In addition for < i < n — 1 



rk 

J k.n- 



ETOfc 
. |m| 



to 



TOl, . . . ,TOfe 



mh(n— z+fc— 1) 

w/iere £fte summation is over nonnegative integers satisfying 
nil + 2.to 2 + . . . + k.m, k = n — 1— i + k. 



Then we have the following corollary using (Theorem 2.10. Hi). 
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Corollary 2.17. Let l\ n be the kSOkL, then, for m,n £ Z+, 



^ lmji,...,m jfc ) 



L k,n 



m ik v I \m\ 

( 1*1 

U m ,i,...,i 



Ei E 

1— 1 mh(n-j+fc-l) 

= < E E 3 E 

m=lj'=l t\-(n~rn-j+k) 

Z-/ ■> ^ \m\ \m ju ...,m jk J 

2— 1 mh(n— j+k) 

w/iere i = (t m ji, • . • ,t mjk ) and m = (m d \,m d i, ■ ■ ■ ,m jk ). 



if i = l 
ifl<i<k 
if i = k 



Corollary 2.18. Let l\ n be the kSOkL, then, for all m, n £ Z + 
( V Sf=X( |a| ) if i = l 

L^i \ a \ \ ai ,...,a k J J 
ah(n— 1) 



k,n 



m=l ah(n-m) 

JL( l a l ) 

4"* l a l a k> 



if i = k 



V ahn 



Proof. For t< = 1(1 < i < k), G k . n is reduced to l k kn . Since l k k n = E ft( 0l |a ' a J 

ahn 

from (1.10) and by using (2.7) the proof is completed. □ 



Corollary 2.19. Let l\ n be the kSOkL, then, for 1 < i < k and m,n £ Z+ 

if t = l 

E E j E ( ai lal aJ 'n- ' i- ■ 

if i = k 



l k,n 



k 

Ei E ( 

0,1 ah' 

3 = 1 ah(n-l-j) 
k 

\a\ 

0,1 o k / 

rri=l j=l a ^( n _ m _j) 
k 

Ei E (ai,...,Ofc) 
J = l ah(n-j) 



Proof. Proof is trivial from (1.9), (2.7). 

Corollary 2.20. Let l\ n be the second sequence of the 2S02L, then, 

2 rv 1 



□ 



n-j-s 
s 



where (") is combinations s of n objects, such that (™) =0 if n < s. 

m ,. 

Proo/. In (1.11), F 2 ,„(t) = £ (-l)J { n ^)F?~ 2j (t){-t 2 ) j and for i 4 = 1 and c t = 1 

3=0 

(1 < i < k), F2. n -i(t) is reduced to sequence f kn . Proof is completed by using 
fl n {c t = 1 for 1 < i < k) and (2.10. Hi). □ 
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